We have constructed a Monte Carlo generator † for lowest-order predictions for the processes γγ → 4f and γγ → 4f γ in the Standard Model and extensions thereof by an effective γγH coupling as well as anomalous triple and quartic gauge-boson couplings. Polarization is fully supported, and a realistic photon beam spectrum can be taken into account. For the processes γγ → 4f all helicity amplitudes are explicitly given in a compact form. The presented numerical results contain, in particular, a survey of cross sections for representative final states and their comparison to results obtained with the program package Whizard/Madgraph. The impact of a realistic beam spectrum on cross sections and distributions is illustrated. Moreover, the size of various contributions to cross sections, such as from weak charged-or neutral-current, or from strong interactions, is analyzed. Particular attention is paid to W-pair production channels γγ → WW → 4f (γ) where we investigate the impact of background diagrams, possible definitions of the W-pair signal, and the issue of gauge-invariance violation caused by finite gauge-boson widths. Finally, the effects of triple and quartic anomalous gauge-boson couplings on cross sections as well as the possibility to constrain these anomalous couplings at future γγ colliders are discussed.
Introduction
A photon (or γγ) collider [1] as an option at a future e + e − linear collider extends the physics potential of such a machine substantially. It provides us with information about new physics phenomena, such as properties of the Higgs boson or of new particles, which is in many respects complementary in the e + e − and γγ modes (see, e.g., Refs. [1, 2] and references therein). For instance, Higgs-boson production in the s-channel [1] [2] [3] [4] becomes accessible which is highly suppressed in e + e − annihilation, but very interesting for Higgs bosons of relatively large mass. Owing to its large cross section, W-pair production is of particular interest at a γγ collider. For instance, it can be used for precision tests of the gauge sector of the Electroweak Standard Model (SM). While the reaction e + e − → WW depends on the gauge-boson couplings ZWW and γWW, the corresponding reaction at a γγ collider, γγ → WW, is sensitive to the gauge-boson couplings γWW and γγWW. At an e + e − collider the coupling γγWW is only directly accessible through the bremsstrahlung process e + e − → WWγ which is suppressed by a factor α(0)/π w.r.t. the non-radiative process e + e − → WW. Therefore, the sensitivity to the anomalous γγWW coupling in the γγ mode is expected to be an order of magnitude better than in the e + e − mode. The precision for the measurement of the γWW coupling is comparable in both modes [5] .
The existing analyses on non-standard couplings at a γγ collider, which focus on anomalous triple gauge-boson couplings (ATGC) [5, 6] , anomalous quartic gauge-boson couplings (AQGC) [3, 7] , and effects of strongly interacting longitudinal W bosons [8] , treat W bosons as stable and ignore radiative corrections. In view of the achievable experimental precision, the theoretical predictions should include, however, both radiative corrections and the decays of the W bosons, i.e., the full process γγ → 4f should be considered. The lowest-order amplitudes to the processes γγ → 4f include diagrams with two resonant W bosons ("signal diagrams") as well as diagrams with only one or no W resonance ("background diagrams"). Compared to the doubly-resonant diagrams, such singly-resonant and non-resonant diagrams are suppressed by roughly a factor Γ W /M W and (Γ W /M W ) 2 , respectively. On the other hand, radiative corrections modify the theoretical predictions by contributions of O(α). Since Γ W /M W is also of O(α), both the off-shell effects and the radiative corrections contribute to the γγ → WW → 4f cross section in the same perturbative order. Hence, it is a promising approach to calculate the lowest-order matrix elements to the full γγ → 4f process and take into account only the doubly-resonant part of the O(α) corrections to the reaction γγ → WW → 4f . This approach is known as double-pole approximation (DPA) where only the leading terms in the expansion of the amplitude around the poles of the resonant W propagators are included in the calculation. The overall accuracy is then O(α) relative to the lowest-order prediction for the doubly-resonant W-pair signal. This approach has been described in Ref. [9] in some detail and successfully applied to W-pair production in e + e − annihilation in different versions [10] [11] [12] [13] [14] .
The doubly-resonant virtual corrections consist of factorizable and non-factorizable contributions. The former comprise the corrections to on-shell W-pair production [15] [16] [17] 1 and the decay of on-shell W bosons [19] , the latter account for soft-photon exchange between the production and decay subprocesses [20] . Although the basic building blocks for the virtual corrections exist in the literature, the combination into a complete set of O(α) corrections in DPA has not been done yet. The evaluation of bremsstrahlung processes γγ → 4f + γ considered in this work serves as a further building block for the O(α) corrections in DPA.
The calculation of lowest-order predictions for the processes γγ → 4f and γγ → 4f γ described in this paper closely follows the approach of Ref. [12] for the e + e − case. Fermion masses are neglected everywhere assuming that all mass singularities are avoided by phasespace cuts. Following Ref. [12] we construct an event generator based on multi-channel Monte Carlo integration [21] using adaptive self-optimization [22] . A realistic photon spectrum can optionally be included in the parametrization of CompAZ [23] which is based on the results of Ref. [24] . In addition to the pure SM case, we calculate also the lowest-order matrix elements including anomalous couplings. Specifically, we consider ATGC [25, 26] corresponding to SU(2)×U(1)-gauge-invariant dimension-6 operators and genuine AQGC [27, 28] which respect electromagnetic gauge invariance and custodial SU(2) c symmetry. Finally, we include an effective γγH coupling in our analysis in order to study the Higgs resonance in the reaction γγ → H → WW/ZZ → 4f .
The performance of the Monte Carlo generator is illustrated in a detailed numerical discussion. We present a survey of cross sections for a set of representative 4f and 4f γ final states and compare them with results obtained by the combination of the programs Whizard [29] version 1.28 and Madgraph [30] . We find agreement within statistical uncertainties. Moreover, we discuss some invariant-mass, energy, and angular distributions. We illustrate the impact of the realistic beam spectrum on cross sections and distributions, and study the size of various contributions to cross sections, such as from weak charged-or neutral-current, or from strong interactions. In view of the aimed precision calculation for γγ → WW → 4f (γ), which will include radiative corrections in DPA, we elaborate on the possibility to define a proper W-pair production signal. In this context, we investigate a naive signal definition which is based on doubly-resonant diagrams only and thus violates gauge invariance. We find that this naive definition, which works well for the e + e − case (cf. discussion of the so-called "CC03" cross section in Ref. [31] ), is not satisfactory for γγ → WW → 4f , but requires a proper gauge-invariant definition of the residue on the double resonance. For some γγ → 4f and γγ → 4f γ processes we investigate the effects of gauge-invariance violation by introducing gauge-boson decay widths. To this end, we compare results obtained with the naive introduction of constant or running widths with the gauge-invariant result obtained with the so-called "complexmass scheme" [12] . Finally, we discuss the effects of ATGC and AQGC on cross sections. In particular, we estimate the bounds on anomalous couplings that could be set by a γγ collider, by assuming a photon spectrum and luminosities expected for the γγ option at TESLA.
The paper is organized as follows. In Section 2 we describe the calculation of the helicity amplitudes in the SM and give explicit results for γγ → 4f . In Sections 3 and 4 we describe the calculation of the amplitudes with anomalous gauge-boson couplings and an effective γγH interaction. Section 5 provides some details about the numerical Monte Carlo integration. In Section 6 we present the numerical results as outlined above. Our summary is given in Section 7.
2 Analytical results for amplitudes in the Standard Model
Notation and conventions
We consider reactions of the types
The arguments label the momenta k i , p j and helicities λ k , σ l (which take the values ±1/2 in the case of fermions and ±1 in the case of photons) of the corresponding particles. We often use only the signs to denote the helicities. The fermion masses are neglected everywhere.
For the Feynman rules we follow the conventions of Ref. [32] . We extend the usual linear gauge-fixing term in the 't Hooft-Feynman gauge by a non-linear part according to Refs. [12, 16, 33] such that the vertex γWφ vanishes, where φ are the would-be Goldstone bosons corresponding to the W bosons. Note that this also affects the gauge-boson couplings γγWW and γWW. The corresponding Feynman rules relevant for γγ → 4f (γ) in lowest order can be found in Ref. [12] . Since we neglect fermion masses, the would-be Goldstone bosons do not couple to fermions and do not occur in the Feynman graphs of the SM amplitudes to γγ → 4f (γ), which leads to a considerable reduction of the number of Feynman diagrams.
Classification of final states for γγ → 4f (γ)
The final states for γγ → 4f and γγ → 4f γ can be classified similarly to the processes e + e − → 4f and e + e − → 4f γ [12] . In the following, f and F are different fermions (f = F ), and f ′ and F ′ denote their weak-isospin partners, respectively. We distinguish between states that are produced via charged-current (CC), via neutral-current (NC) interactions, or via both interaction types:
(ii) NC reactions:
(iii) Mixed CC/NC reactions:
The radiation of an additional photon does not change this classification. Following Ref. [34] we give the names of the process families in parentheses where the numbers correspond to the number of Feynman diagrams involved in unitary or non-linear gauge (for processes without neutrinos in the final state, not counting gluon-exchange diagrams).
Since the matrix elements depend on the colour structure of the final state we further distinguish between leptonic, semi-leptonic, and hadronic final states. Keeping in mind that we neglect fermion masses, omitting four-neutrino final states, and suppressing reactions that are equivalent by CP symmetry we end up with 17 different representative processes which we have listed in Table 1 Table 1 : Set of representative processes for γγ → 4f (γ).
Since the photons are polarized after Compton backscattering, final states that are flavour equivalent up to a CP transformation need not necessarily yield the same cross section if the convolution over a realistic photon beam spectrum is included. However, as we neglect fermion masses, this is only relevant for the semileptonic CC processes γγ → e −ν e ud(γ) and γγ → ν e e + dū(γ).
2.3 Lowest-order amplitudes for γγ → 4f
Construction of matrix elements
The amplitudes for the processes γγ → 4f are constructed by attaching the two incoming photons in all possible ways to the corresponding diagrams with four external fermions as shown in Figure 1 . The matrix element of the generic diagram in Figure 1 , where two fermion lines are linked by a gauge boson V , can be written as where k i , p j and Q j (i = 1, 2; j = 1, .., 4) stand for the momenta and relative electric charges of the particles, respectively. The coupling factors (relative to the electric unit charge e) read
where I 3 w,i = ±1/2 denotes the weak isospin of the fermion f i and g s the strong coupling constant. The weak mixing angle is defined by
Quark mixing is neglected everywhere, i.e. we set the CKM matrix equal to the unit matrix. The auxiliary functions A σ 1 σ 3 λ 1 λ 2 ,V are calculated within the Weyl-van-der-Waerden (WvdW) formalism following the conventions of Ref. [35] . The WvdW spinor products are defined by 6) where p A , q A are the associated momentum spinors for the momenta
Moreover, we define the shorthands
where p k,l,m are light-like momenta, i.e., p
In the following, the denominators of the gauge-boson propagators are abbreviated by
The introduction of the finite width is described in Section 2.4 below. The auxiliary functions A
The other auxiliary functions A
The last relation expresses a parity transformation. Note that the operation of complex conjugation in Eq. (2.12) must not affect the gauge-boson widths in the propagator functions P V which will be introduced in Section 2.4. The calculation of the helicity amplitudes for γγ → 4f γ proceeds along the same lines. The result, however, is quite lengthy so that we do not write it down explicitly.
Squared amplitudes for leptonic and semi-leptonic final states
The result for leptonic and semi-leptonic final states follows immediately from the generic amplitude (2.3). The gauge boson cannot be a gluon in this case, and the sum over the colour degrees of freedom in the squared matrix elements trivially leads to the global factors N c lept = 1 and N c semilept = 3. Note that for NC diagrams the result for the amplitude is much simpler than for CC diagrams, since all terms in Eq. (2.10) involving a factor (Q 1 − Q 2 ) or (Q 3 − Q 4 ) drop out. Most of these terms originate from diagrams where a photon couples to a virtual W boson.
The explicit results for the colour-summed squared matrix elements read
where we use the shorthand
and suppress the helicity indices and the dependence on momenta and relative charges. The relative signs account for interchanging external fermion lines.
Squared amplitudes for hadronic final states
Next we consider purely hadronic final states, i.e., the cases where all final-state fermions are quarks. This renders the summation of the squared matrix elements over the colour degrees of freedom non-trivial, and in addition gluon-exchange diagrams appear. Since gluon-exchange diagrams require two quark-anti-quark pairs in the final state they do not appear in CC processes. For CC processes there is only one possibility for the colour flow, and the summation over the colour degrees of freedom leads to an overall factor N c had,CC = 3 2 = 9 to the squared matrix elements as given in Eq. (2.13). For NC reactions we have to compute the sum of pure electroweak (ew) and gluonexchange (QCD) matrix elements, 18) where c i denotes the colour indices of the quarks. The electroweak diagrams are diagonal in colour space and therefore read
The gluon-exchange diagrams are obtained from the generic formula (2.3) by inserting the corresponding generators, λ a /2, of the gauge group SU(3),
The matrix element M g is defined by Eq. (2.3) with V = g. Carrying out the colour sum using the completeness relation for the Gell-Mann matrices,
All squared matrix elements of this section have been numerically compared with results obtained with the program Madgraph [30] at several phase-space points, and perfect agreement has been found.
Implementation of finite gauge-boson widths
We have implemented the finite widths of the W-and Z-boson propagators 2 in four different ways:
• fixed width in all propagators:
23)
• step width (fixed width in time-like propagators):
• running width in time-like propagators:
25)
• complex-mass scheme [12] : complex gauge-boson masses are used everywhere, i.e. 26) and in a complex weak mixing angle
The virtues and drawbacks of the first three schemes are discussed in Ref. [36] . All but the complex-mass scheme, in general, violate SU(2) gauge invariance, the step-and the running-width schemes also violate electromagnetic U(1) em gauge invariance, which is preserved by using a fixed width. As known from many examples in e + e − physics [12, 36, 37] , gauge-invariance-violating effects, in particular when enhanced by factors p 2 /M 2 V as in the running-width scheme, can lead to totally wrong results. Furthermore, the violation of U(1) em gauge invariance also causes a dependence of matrix elements and cross sections on the gauge chosen for external photons. In e + e − → 4f and e + e − → 6f this problem does not occur since no external photons are involved.
The complex-mass scheme, which was introduced in Ref. [12] for tree-level calculations, preserves gauge invariance and thus all Ward identities which rule gauge cancellations. Its application is particularly simple for γγ → 4f (γ) in the non-linear gauge. In this case, no couplings involving explicit gauge-boson masses appear, and it is sufficient to introduce the finite gauge-boson widths in the propagators [cf. Eq. (2.26)] and to introduce the complex weak mixing angle (2.27) in the couplings.
For CC processes γγ → 4f (γ) with massless fermions, the fixed-width (FW) approach in the non-linear gauge and the complex-mass scheme (CMS) are practically equivalent, because all Feynman graphs are proportional to e 4 /s For NC and CC/NC processes a similar reasoning can be used to show that the fixedwidth approach does not violate gauge invariance in γγ → 4f (γ) for massless fermions. The trick is to apply the above argument to gauge-invariant subsets of diagrams. For NC diagrams with photon exchange, which is the (gauge-invariant) QED subset of diagrams ( Figure 1 with V = γ), there is nothing to show. The sum of NC diagrams of type NC(a) with Z-boson exchange ( Figure 1 with V = Z) again involves c w and s w only in a global coupling factor (per helicity channel); the remaining dependence on the gauge-boson masses is located in the propagator denominators. Thus, the subamplitudes of the fixedwidth and the complex-mass scheme are again identical up to a global factor and both preserve gauge invariance and Ward identities. 
W-pair signal diagrams and double-pole approximation
The diagrams to CC and CC/NC processes comprise graphs with two, one, or no internal W-boson lines that can become resonant, similar to the situation for e + e − → WW → 4f (see Refs. [31, 38] and references therein). It is interesting to investigate the possibility to define an amplitude for the W-pair signal based on doubly-resonant contributions only, because such an amplitude is much simpler than the full amplitudes for four-fermion production and is universal (up to colour factors) for all relevant 4f final states. Moreover, this study is an important exercise for the calculation of radiative corrections to γγ → WW → 4f in the so-called double-pole approximation (DPA), where only doubly-resonant contributions are taken into account. Taking simply all doubly-resonant diagrams, of course, yields a result that is not gauge invariant. Nevertheless in the e + e − case the lowest-order cross section based on such a gauge-dependent amplitude (defined in the 't Hooft-Feynman gauge), known as "CC03 cross section", is a very useful quantity that is very close to the full 4f calculation if both W bosons are close to resonance. The CC03 amplitude can be rendered gauge invariant upon deforming the momenta of the four outgoing fermions in such a way that the intermediate W-boson states become on shell, because the residues of the W resonances are gauge-invariant quantities. This "on-shell projection", which is part of the DPA, involves some freedom, and different versions, which have been described in Refs. [11, 13] , differ by contributions of relative order
We want to perform the exercise to study the usefulness of a possible "CC03" 3 offshell cross section for γγ → WW → 4f . To this end, we define the amplitude for the off-shell W-pair signal by evaluating the three W-pair diagrams in the non-linear gauge with polarization vectors ε i (k i ) for the incoming photons, which obey the gauge conditions
In terms of WvdW spinors, this means that the gauge spinors g 1 and g 2 of the photons are identified with the spinors of the momenta k 2 and k 1 , respectively. With this choice the auxiliary functions for the matrix elements (2.3) read .29) is neither independent of the gauge fixing used to define gauge-boson propagators nor of the gauge of the external photons. The definition is gauge invariant after the outgoing fermion momenta p i are on-shell projected as described above, while leaving the resonant propagators P W (p 1 + p 2 )P W (p 3 + p 4 ) untouched. This defines the lowest-order amplitude in DPA. Finally, we stress that the t-and u-channel W propagators in Eq. (2.29) do not receive a finite W width; otherwise the gauge invariance of the DPA would be spoiled.
The effective Lagrangians
First we consider anomalous triple gauge-boson couplings (ATGC) in the chargedcurrent sector, i.e., anomalous γWW and the related γγWW couplings. Instead of using rather general parametrizations of non-standard couplings [25] , we follow the approach already used at LEP2 to reduce the number of free parameters by requiring that all symmetries of the SM are respected. From the resulting operators we only keep those that appear in the lowest-order cross section of γγ → 4f . Specifically, we start from the gauge-invariant CP-conserving effective Lagrangian with dimension-6 operators [26]
where Φ is the Higgs doublet field and
are the field strengths of the U(1) and SU(2) gauge fields, respectively. The Pauli matrices are combined into the vector σ = (σ 1 , σ 2 , σ 3 ), and the parameters g 1 , g 2 denote the gauge couplings. 4 Inserting the vacuum expectation value of the Higgs field Φ, we can relate the coefficients α Bφ , α Wφ , and α W to the coefficients of the Lagrangian considered in the LEP2 analysis [26] ,
In contrast to the pure anomalous γWW coupling [25] , the SU(2)×U(1) symmetry of the effective Lagrangian (3.1) induces additional anomalous γγWW and γWφ couplings. The corresponding Feynman rules are iΓ
where all fields and momenta are considered incoming. Note that the neglect of the contribution to the quartic coupling γγWW, which is proportional to λ γ , would lead to a violation of electromagnetic gauge invariance in predictions for γγ → WW(→ 4f ). In contrast, neglecting the γWφ coupling, which is proportional to ∆κ γ , would not spoil the electromagnetic gauge invariance of the predictions. Next we consider anomalous triple gauge-boson couplings involving only the neutral gauge bosons γ and Z. Assuming Lorentz invariance and electromagnetic gauge invariance, the most general effective dimension-6 Lagrangian for γγZ, γZZ, and ZZZ couplings can be written as [39] 
with the abelian field-strength tensors
and the dual field-strength tensors (ǫ 0123 = +1)
An operator inducing a γγγ coupling does not appear in Eq. (3.5) since it violates electromagnetic gauge invariance. Apart from the γγWW coupling which is induced by symmetries in the Lagrangian (3.1), we also include genuine anomalous quartic gauge-boson couplings (AQGC) in our analysis, whose lowest dimension is 6. In Refs. [27, 28] all genuine dimension-6 AQGC that involve photons and that are allowed by electromagnetic gauge invariance and custodial SU(2) c have been classified; more general AQGC have been discussed in Ref. [40] . Following Ref. [28] we use the effective Lagrangian
with the definition
The scale of new physics, Λ, is introduced in Eq. (3.8) to render the coupling coefficients a 0 , a c ,ã 0 dimensionless. The effective Lagrangian L AQGC γγV V contains γγWW and γγZZ couplings, whose Feynman rules can be found in Ref. [28] . The other coupling structures L n andL n considered in Ref. [28] induce γZWW couplings that are not relevant for γγ → 4f .
Figure 2: Representative diagrams with anomalous γWW and γγWW couplings (black blobs) contributing to CC processes γγ → 4f .
Amplitudes with triple gauge-boson couplings
Before we write down the helicity amplitudes including ATGC explicitly, we discuss the impact of these couplings w.r.t. the SM cross section. The diagrams containing ATGC and the corresponding quartic couplings in CC diagrams are shown in Figure 2 . We quantify the size of the anomalous contributions in terms of powers of anomalous coupling factors (generically denoted by a 3 ) or suppression factors Γ W /M W . Considering the SM process γγ → WW → 4f as the leading contribution, i.e., regarding anomalous-coupling effects as small, we get non-standard contributions to CC and CC/NC cross sections from CC ATGC of the following orders:
The matrix elements of diagrams (a) and (b) in Figure 2 involve one power of a 3 . Both diagrams are not suppressed by Γ W /M W since they are doubly resonant.
•
The diagram (c) of Figure 2 has one power of a 3 and one resonant W-boson propagator, i.e., it is only singly resonant. Thus, it is of O(a 3 Γ W /M W ).
• O(a There are no diagrams containing CC ATGC for NC processes.
Next we consider the impact of NC ATGC, as defined in the effective Lagrangian (3.5). The by far largest SM cross sections of the process class γγ → 4f belong to diagrams with two resonant W bosons in CC and CC/NC reactions. Thus, the largest effect of NC ATGC could be expected from an interference of "anomalous diagrams" with the SM amplitude for CC or CC/NC processes. The only candidate of this kind is a diagram where an off-shell s-channel Z boson is produced by an anomalous γγZ coupling that subsequently produces a W-boson pair. However, the effective γγZ coupling of Eq. (3.5) vanishes for two on-shell photons, so that this diagram does not contribute. No other CC diagram exists that includes a NC ATGC.
We now turn to the effects of NC ATGC in NC amplitudes, i.e., in diagrams without W bosons. The corresponding SM amplitudes involve at most a single resonance of the Z boson, which leads already to a suppression of NC cross sections w.r.t. CC cross sections by a factor (Γ Z /M Z )
2 . This suppression is clearly visible in the numerical results presented in Section 6. Γ Z /M Z ), which is also small compared to the CC case owing to the squared ATGC. In summary, we conclude that the sensitivity of the processes γγ → 4f to NC ATGC is much smaller than to CC ATGC. Therefore, we restrict our investigation on ATGC to CC couplings in the following.
As explained above, the diagrams of Figure 2 induce contributions to the amplitude that are either linear or quadratic in the CC ATGC. We give the explicit contributions to the helicity amplitudes in a way similar to the SM case (2.3),
with the auxiliary functions δ 3 A
3). The colour summation of the squared amplitudes for the various process types proceeds as described in Sections 2.3.2 and 2.3.3.
The terms in δ 3 A
that are quadratic and linear in ATGC explicitly read where "c.c. and {. . .} ↔{. . .}" indicates that the complex conjugate of the preceding expression has to be added after some substitutions. The auxiliary functions for the remaining polarizations follow from the relations (2.11) and (2.12). In order to check our results, we have implemented the ATGC of the effective Lagrangian (3.1) into the program Madgraph [30] and compared our amplitudes with the Madgraph results for various phase-space points. We found perfect numerical agreement. Figure 3 shows the only diagram with an AQGC (generically denoted by a 4 ) that contributes to γγ → 4f . For CC processes the "anomalous diagram" contributes in O(a 4 ) to the cross section, because it is (as the SM contribution) doubly resonant. For NC processes, the diagram involves one power of a 4 and two Z-boson resonances and interferes with the singly-resonant SM amplitude. In this case, the contribution to the corresponding cross section is suppressed by a 4 Γ Z /M Z w.r.t. CC cross sections, i.e., the suppression factor involves one factor in the anomalous coupling or in Γ Z /M Z less than we counted for NC ATGC. In the following we take both CC and NC AQGC into account.
Amplitudes with genuine quartic gauge-boson couplings
The AQGC contributions to the amplitudes read
14)
The remaining auxiliary functions δ 4 A
can be obtained via the substitutions 
Effective γγH coupling and Higgs resonance
In order to incorporate a possible Higgs resonance in γγ → H → V V → 4f with V = W, Z, as depicted in Figure 4 , we consider an effective coupling of the Higgs boson to two photons. In the SM this coupling is mediated via fermion (mainly top-quark) and W-boson loops. We define the effective Lagrangian for the γγH vertex [41] by
where v = 2M W s w /e is the vacuum expectation value of the Higgs field H. Up to normalization, L γγH is the lowest-dimensional, CP-conserving, electromagnetically gaugeinvariant operator for two photons and the scalar field H. The corresponding Feynman rule reads iΓ
where k 1 , k 2 are the incoming photon momenta. Comparing this Feynman rule to the loop-induced SM vertex with the external fields on shell, which has, e.g., been given in Refs. [16, 41] , we obtain
The complete matrix elements for the diagrams with a Higgs resonance (as shown in Figure 4 ) can then be written as
with g γγV V defined in Eq. (3.13) and
The other expressions for δ H A
follow in the same way as described in Eq. (3.15) for
. The width in the Higgs-boson propagator P H is introduced in the same way as in Section 2.4 for the gauge bosons.
Monte Carlo integration
The squared matrix element is integrated over the phase space following the strategy described in Refs. [12, 37, 42] . We apply the multi-channel Monte Carlo technique [21] where the integrand is flattened by choosing appropriate mappings of the pseudo-random numbers into the momenta of the outgoing particles. This is necessary because the integrand shows a very complex peaking structure in eight (γγ → 4f ) or eleven (γγ → 4f γ) dimensions. This complicated structure of the integrand (induced by various diagram types) deteriorates the statistical error of the numerical integration and can lead to numerically unstable results. For each diagram we introduce an own appropriate mapping, so-called "channels", so that more events are generated in regions where the squared matrix element of the diagram is large. The multi-channel approach combines these channels in such a way that the whole integrand is widely smoothed everywhere. For each event a single channel is randomly chosen, and the phase-space configuration is determined according to the mapping of this channel. The probability to choose a given channel, called a-priori weight, is optimized according to Ref. [22] to minimize the statistical error as much as possible.
The convolution over the photon spectrum is given by
where dσ γγ is the differential γγ cross section. The function f γ (x i ) denotes the probability density for getting a photon with momentum k i = x i P i , and P i is the electron momentum before Compton backscattering. In order to reduce the statistical error of this integration we use a simple way of stratified sampling. The integration region for x i of each photon spectrum is divided into a fixed number of bins. We choose bin i with a probability α i and divide the corresponding weight by α i . In this way the integration remains formally unchanged if we normalize i α i = 1. The parameters α i can be used to improve the convergence of the numerical integration. By choosing the α i proportional to the cross section of the corresponding bin i, more events are sampled in regions where the photon spectrum is large. Care has to be taken that the α i do not become too small because this might lead to rare events with very large weights that render the error estimate unreliable. This optimization typically reduces the Monte Carlo integration error by a factor 2-5.
6 Numerical results
Input parameters
We use the following set of input parameters [43] : 
where q and l denote quarks and charged leptons, respectively, and m(q, q ′ ) is the invariant mass of an outgoing quark pair. The energies E X and angles θ(X, Y ) are defined in the laboratory frame. Using these cuts all infrared, i.e., soft or collinear, singularities are removed from the phase space.
In order to account for leading universal corrections, we use two different values for the coupling constant α = e 2 /(4π). Since on-shell photons couple to charged particles with the coupling constant α(0) (effective electromagnetic coupling at zero-momentum transfer), we take this coupling for each external photon in the processes γγ → 4f and γγ → 4f γ. For CC reactions, the remaining couplings correspond to Wff vertices. For these vertices a large part of the electroweak radiative corrections [19] (the running of the electromagnetic coupling and the universal corrections related to the ρ parameter) are absorbed into an effective electromagnetic coupling α Gµ which is derived from the Fermi constant G µ by
Therefore, in the following numerical studies, we replace α 4 by α(0) 2 α 2 Gµ for the processes γγ → 4f and α 5 by α(0) 3 α 2 Gµ for γγ → 4f γ. For the evaluation of the photon spectrum we use the program CompAZ [23] with the polarization of the laser beams −1 (i.e. photon helicity −1)
6 and the polarization of the electron beams +0.85. This choice for the relative signs in the polarizations yields a sharper peak at the upper end of the photon spectrum. Results for monochromatic photon beams are always shown for unpolarized photons.
If not stated otherwise, the results are obtained in the fixed-width scheme. The numerical integration is carried out using 10 7 events. The runtime of our Monte Carlo program on a PC with 2 GHz varies from 30 minutes to 6 hours depending on the considered process.
Results for integrated cross sections

Survey of cross sections
In order to illustrate the reliability of our Monte Carlo generator we compare our results on cross sections for a representative set of the processes γγ → 4f and γγ → 4f γ with the results obtained with the Monte Carlo program Whizard (version 1.28) [29] which uses the matrix-element generator Madgraph [30] 7 . In Tables 2 and 3 we list the results for the 17 different final states defined in Table 1 . The numbers in parentheses correspond to the Monte Carlo error. For the final states that can be produced via intermediate gluons we compute the cross section both with and without gluon-exchange contributions. Since the version of Madgraph implemented in Whizard is not able to deal with interferences of electroweak and QCD diagrams, we give only the pure electroweak Whizard/Madgraph results for these processes. Furthermore, we list the corresponding cross sections with and without convolution over the photon beam spectrum. For this study, we have implemented the program CompAZ into Whizard.
As explained in Section 2.2, the cross sections for the CP-equivalent final states e −ν e ud(γ) and ν e e + dū(γ) are not identical if the convolution over the photon beam spectrum is carried out. Therefore, we give results for both final states. In all other cases, the cross sections for a given final state and for the CP-conjugated one coincide.
CC and CC/NC processes possess the largest cross sections because of the dominance of W-pair production. The convolution over the photon spectrum reduces these cross sections significantly since low-energy photons cannot produce on-shell W pairs. NC processes are affected less, and in some cases, such as γγ → e + e − µ + µ − , the cross section is only slightly reduced. Owing to the colour factors of the quarks, hadronic and semileptonic cross sections differ by roughly a factor 3, hadronic and leptonic cross sections by roughly a factor 3 2 = 9. For CC processes γγ → 4f we obtain a rough estimate of the cross sections by multiplying the cross section of γγ → WW with the branching ratios of the W bosons into leptons or quarks depending on the final state. Note that this estimate, which is only good within 10−20%, does not take into account contributions from background diagrams, width effects, and cuts on final-state fermions. The difference of cross sections for CC processes and the corresponding processes of mixed type reflects the size of the background contributions induced by NC diagrams.
The results of Whizard, which are also generated with 10 7 events, and of our program typically agree within 1-2 standard errors. The size of the statistical errors obtained with Whizard and our program is comparable. The runtime of Whizard is usually somewhat bigger than the one of our program. Depending on the process class, the speed of our program is 1−7 times higher, where the largest difference occurs for NC processes. Table 3 : Total cross sections for γγ → 4f γ at √ s = 500 GeV for various final states with and without convolution over the photon spectrum. 
Energy dependence of integrated cross sections
In Figure 5 we show the cross sections for the processes γγ → e is the CM energy √ s γγ of the incoming photons. In the case without photon spectrum, the rise of the cross section is clearly visible at the W-pair threshold, √ s γγ > ∼ 160 GeV. For γγ → e −ν e ud the cross section increases roughly proportional to β = 1 − 4M 2 W /s γγ above the threshold, as expected from the two-particle phase space of the W pairs. For γγ → e −ν e udγ the rise of the cross section is not as steep because of the higher-dimensional WWγ phase space. The convolution over the photon spectrum reduces the available energy for W-pair production and shifts the onset of the cross section to higher CM energies.
The cross sections for γγ → 4f as well as γγ → 4f γ decrease at high energies, even though the total cross section of the γγ → WW process approaches a constant in the high-energy limit if no cuts are imposed, i.e., if the W bosons are allowed to go in the beam directions. At high energies, however, forward and backward scattering of W bosons is restricted due to the cuts applied to the outgoing fermions, because the decay fermions mainly follow the direction of the decaying W boson.
Contributions from CC, NC, and gluon-exchange diagrams
In Figure 6 we show the impact of CC, NC, and gluon-exchange diagrams on the CC/NC processes γγ → uūdd and γγ → uūddγ. We do not include the photon spectrum in this analysis. Above the W-pair threshold, √ s γγ > 160 GeV, the CC diagrams are clearly dominating, while the contributions from gluon-exchange diagrams are one or two orders of magnitude smaller. The impact of the gluon-exchange diagrams strongly depends on the choice of the invariant-mass cut between two quarks, and gluon-exchange diagrams are more important if the invariant-mass cut is small. The contributions from pure NC diagrams are totally negligible as long as W-pair production is possible.
W-pair signal diagrams and double-pole approximation
In Figure 7 the cross sections of the W-pair signal diagrams and the DPA for γγ → WW → 4f (see Section 2.5 for definitions) are compared with the complete lowest-order cross section for several processes. The plots on the l.h.s. show the cross sections for various final states calculated from the full set of (electroweak) diagrams, from the signal diagrams only, and in DPA separately for hadronic, semi-leptonic, and leptonic final states, while the plots on the r.h.s. show the relative deviation from the corresponding DPA. We do not include the convolution over the photon spectrum and gluon-exchange diagrams in this analysis so that effects of the approximation are clearly visible. For energies not too close to the W-pair threshold, the DPA agrees with the full lowest-order cross section within 1-3%, which is of the expected order of Γ W /M W . Near threshold, i.e. for √ s γγ − 2M W = O(Γ W ), the reliability of the DPA breaks down, since background diagrams become more and more important and small scales γ, such as s γγ − 4M 2 W , can increase the naive error estimate from Γ W /M W to Γ W /γ. The cross sections of the W-pair signal diagrams, however, shows large deviations from the full γγ → 4f cross sections for the whole energy range, in particular, at high energies. As explained in Section 2.5, the W-pair signal diagrams are not gauge invariant, and thus the reliability and usefulness of the resulting predictions should be investigated carefully. The results of Figure 7 clearly show that a naive signal definition is a bad concept for γγ → WW → 4f , since deviations from the full process γγ → 4f even reach 5-10% in the TeV range. This is in contrast to the situation at e + e − colliders where the naive W-pair signal (defined in 't Hooft-Feynman gauge) was a reasonable approximation (see, e.g., Ref. [31] ).
The failure of the naive W-pair signal definition for γγ collisions was also pointed out in Ref. [45] before. However, the proper formulation of a gauge-invariant W-pair signal via DPA was not considered there.
Comparison of schemes for introducing finite gauge-boson widths
In this section we compare the different implementations of gauge-boson widths described in Section 2.4 numerically. As explained in Section 2.4, the complex-mass scheme is the only scheme that yields gauge-invariant results in general, but for the process classes γγ → 4f (γ) the fixed-width approach (in the non-linear gauge) also yields amplitudes that respect Ward identities and gauge cancellations. Table 4 lists the cross sections for the processes γγ → e −ν e ν µ µ + and γγ → e −ν e ν µ µ + γ obtained with the fixed W width, the step-width, the running-width, and with the complex-mass scheme. The results of all four schemes for the process γγ → e The resonance in the invariant-mass distribution (l.h.s. of Figure 8 ) has the typical Breit-Wigner shape and can be used to determine the W-boson mass and width at a γγ collider. Moreover, owing to its large cross section, the W reconstruction in this reaction seems to be a promising possibility for detector calibration at a γγ collider. Similarly to the integrated cross sections discussed in the previous sections, the convolution qualitatively rescales the distribution by roughly a factor 4.
The r.h.s. of Figure 8 shows the distribution in the angle θ ud between the W + boson and the beam axis. Since the incoming γγ state is symmetric w.r.t. interchange of the two photons, the angular distribution is symmetric in the production angle θ ud . W bosons are predominantly produced in forward or backward direction owing to diagrams with t-and u-channel exchange of W bosons. For the process γγ → WW with on-shell W bosons, the forward and backward peaks are integrable and lead to a constant cross section in the high-energy limit. As already pointed out in Section 6.2.2, the angular cuts (6.2) restrict the available phase space of the intermediate W bosons and lead to a reduction of the forward and backward peaks for sufficiently high energies. Note that the reduction induced by the convolution over the photon spectrum is not uniform, but tends to flatten the shape of the angular distribution slightly. This is mainly due to the reduced CM energy in the photon spectrum, leading to a less pronounced peaking behaviour in the forward and backward directions.
Energy and production-angle distributions of fermions
In Figure 9 we show the energy and angular distributions of the outgoing fermions e − , u, andd in the reaction γγ → e −ν e ud at √ s = 500 GeV with and without convolution over the photon spectrum. For monochromatic, unpolarized incoming γ beams (i.e. without convolution over the photon spectrum), the energy distributions (l.h.s. of Figure 9 ) of the fermions e − , u, and d almost coincide and are maximal at their largest and smallest kinematical limits. These regions are dominated by the situations where the respective W boson emits the considered fermion parallel or anti-parallel to its direction of flight. The convolution over the photon spectrum changes the shapes of the energy distributions considerably. Since the photon spectrum falls off rapidly for energies above 80% of the incoming electron energy, energies of the final-state fermions larger than 200 GeV become practically impossible. For fermion energies below 200 GeV the shapes of the distributions of the outgoing fermions e − and u look rather different from the one for the anti-fermiond. This effect is due to the effective γ beam polarization in the photon spectrum; for unpolarized γ beams the energy distributions would look almost identical. In detail, the effective polarization of the γγ system is mainly (λ 1 λ 2 ) = (++), leading predominantly to W + W − production with effective helicities (++) (see, e.g., Ref. [17] ). Owing to helicity conservation, however, W bosons with helicity +1 cannot decay into fermion-anti-fermion pairs with a fermion (which must have helicity − ) than fermions follow the directions of the decaying W bosons, which qualitatively explains the reduction (enhancement) of the fermion (anti-fermion) energy distributions at the upper kinematical energy limit.
The r.h.s. of Figure 9 shows the distributions in the angles θ f of the (anti-)fermions f = e − , u,d to the beam axis. Because of the symmetry of the incoming γγ state w.r.t. interchange of the two photons, the angular distribution is symmetric in θ f . The forward and backward peaks originate from two sources. The by far largest contribution to the differential cross section comes from signal diagrams and thus from configurations where the W bosons as well as the decay fermions are nearly parallel to the beam. The second source, which is widely suppressed by the applied cuts, is related to collinear singularities of background diagrams where an incoming photon splits into an fermion-anti-fermion pair ff, with the fermion or anti-fermion directly going into the final state. If the phase space of the outgoing (anti-)fermion is not restricted by cuts, such collinear or mass singularities lead to logarithms of the form ln(s/m 2 f ), where m f is the fermion mass. Since our calculation is done for massless fermions, the collinear singularities must be excluded by phase-space cuts and the fermion mass in ln(s/m 2 f ) is replaced by the corresponding cut parameter.
The photon spectrum reduces the differential cross section over the whole range and again flattens the angular distributions, especially in the cases of outgoing fermions. The significant difference between the outgoing fermions and anti-fermions is again due to the effective γ polarization in the photon spectrum. As explained above, more anti-fermions than fermions follow the flight directions of the W bosons, which are mainly produced in Figure 9 : Energy (l.h.s.) and production-angle (r.h.s.) distributions of the outgoing fermions e − , u, andd in the process γγ → e −ν e ud at √ s = 500 GeV with and without convolution over the photon spectrum. Figure 10 : Invariant-mass distribution of the four-quark final state for the process γγ → udsc at √ s ee = 260 GeV including convolution over the photon spectrum.
the forward and backward directions. This is the reason why the θ e − and θ u distributions are flattened, while the peaking behaviour in the θd distribution is more pronounced after the convolution over the photon spectrum.
Higgs-boson resonance
In Figure 10 we show the invariant-mass distribution of the Higgs boson for the process γγ → H → WW → udsc for a Higgs mass of M H = 170 GeV. The CM energy of the electron beams is chosen to be √ s ee = 260 GeV which maximizes the γγ luminosity in the region √ s γγ ∼ M H . The invariant mass M udsc of the Higgs boson is reconstructed from its decay products which are the four outgoing quarks. This means that M udsc is equal to the photonic CM energy, M udsc = √ s γγ . Thus, the shape of the distribution depends on the form of the photon spectrum very strongly. The effective γγH coupling is set to the SM value (4.3). For comparison the situation without Higgs resonance is also included in Figure 10 , illustrating the significance of the Higgs signal. The different peak heights in the two plots simply result from different bin sizes.
Anomalous couplings
In this section we study the impact of possible anomalous gauge-boson couplings on CC cross sections of the process class γγ → 4f . In order to estimate the full sensitivity of a future γγ collider, such as the γγ option at TESLA, on anomalous couplings, in addition differential distributions and realistic event selections should be taken into account. Such a study goes beyond the scope of this paper, but our Monte Carlo generator can serve as a tool in this task. We consider only semi-leptonic final states, since these have the cleanest experimental signal. The cross section for semi-leptonic final states is obtained from the sum over all reactions γγ → l −ν l′ , with q = u, c and l = e, µ, τ , and their corresponding chargeconjugated processes γγ → ν l l + q ′q . The results are shown in Figure 11 for ATGC and in Figure 12 for AQGC. In the left plot of Figure 11 and the upper plot of Figure 12 we show the cross section as a function of the anomalous coupling constant normalized to the SM cross section. As can be seen in the insert of Figure 11 , the minimum in the ∆κ γ curve is shifted to negative values which is caused by contributions to the cross section that are linear in ∆κ γ . These contributions result from the interference between matrix elements linear in the ATGC ∆κ γ with the SM amplitude. On the other hand, the interferences for the ATGC λ γ are small. In the case of AQGC, such interferences are relatively large for a c .
In order to examine the sensitivity of a linear collider to anomalous couplings, we consider a γγ collider with an integrated luminosity of L = 100 fb −1 and a CM energy of √ s ee = 500 GeV [1] . We define 4) where N is the expected number of events in the SM and N(a i ) the number of events in the SM extended by the non-standard couplings. In Figures 11 and 12 the 1σ contours corresponding to χ 2 = 1 are shown. Note that the 1σ contour can result from N(a i ) > N and N(a i ) < N. While χ 2 = 1 with N(a i ) > N is always possible for sufficiently large anomalous couplings, χ 2 = 1 with N(a i ) < N requires large interference effects of matrix elements with anomalous couplings. In our case, both branches of the 1σ contours are Figure 12 : Combined cross section for semi-leptonic final states as a function of the AQGC a 0 , a c , andã 0 (upper plot) and 1σ contours (l.h.s. projection, r.h.s. section) in the coordinate planes at √ s ee = 500 GeV including the convolution over the photon spectrum.
realized. In Figure 11 the plot on the r.h.s. shows the 1σ contours in the (∆κ γ , λ γ ) plane. Since the cross section is a polynomial up to fourth power in the ATGC, the contours are not of elliptic form. The allowed region lies between the two contours that are rather close to each other so that they cannot be distinguished in the insert which shows the contours on a larger scale. Note that in the limit of large luminosity the contour in the insert of the r.h.s. of Figure 11 does not shrink to a point, but reduces to a line in the (∆κ γ , λ γ ) plane on which σ anom = σ SM . In order to resolve this correlation between ∆κ γ and λ γ , anomalous effects on distributions should be considered, or other constraints from the e + e − or e − γ modes should be included. In case of AQGC the cross section is at most quadratic in the AQGC, and the χ 2 = 1 surface consists of two ellipsoids in the (a 0 , a c ,ã 0 ) space. The existence of two branches is again due to large interferences of anomalous contributions. In the lower left plot of Figure 12 we show the projections of the outer ellipsoid into the coordinate planes of two AQGC (where the third AQGC is zero). In the lower right plot the sections of both ellipsoids with these planes are given. Since the centre of the ellipsoids is shifted in the a c and a 0 directions, the terms in σ(a i ) linear in these couplings are significant; they result from interferences of the diagram with the AQGC with the SM amplitude. Interferences that are proportional toã 0 turn out to be small. From Eq. (3.14) it is obvious that there are no a 0ã0 and a cã0 terms in σ(a i ). Consequently, the projection into and the section with the (a 0 , a c ) plane coincide. On the other hand, the two other projections and sections differ, signalling that the a c a 0 term in σ(a i ) is significant.
The allowed 1σ region (χ 2 < 1) in the (a 0 , a c ,ã 0 ) space is the shell at the boundary of the shown ellipsoid. Similar to the observation made above for the ATGC, the size of the ellipsoid does not shrink for larger luminosity, only the thickness of the shell will decrease. This means that the size of the projections shown in the lower left plot of Figure 12 will not reduce for larger luminosity. Thus, using only information on an integrated cross section (for a fixed energy) could not improve the bounds on AQGC w.r.t. the ones resulting from e + e − → WWγ → 4f γ [28] . However, the thinness of the shell of the ellipsoid, as illustrated in the lower right plot of Figure 12 , shows that the bounds can be drastically tightened if the correlation between the three AQGC is resolved. Differential distributions will certainly provide this information, so that a γγ collider should be able to constrain AQGC by an order of magnitude better than an e + e − collider operating at comparable energy.
Summary
A Monte Carlo generator, which is based on multi-channel techniques with adaptive self-optimization, has been constructed for lowest-order predictions for the processes γγ → 4f and γγ → 4f γ. Fermions are treated in the massless approximation. Anomalous triple and quartic gauge-boson couplings, as well as an effective γγH coupling, are included in the transition matrix elements for γγ → 4f . For γγ → 4f compact results for the helicity amplitudes are presented in terms of Weyl-van-der-Waerden spinor products.
Using this generator, we have presented a variety of numerical results:
• A representative list of integrated cross sections for the processes γγ → 4f and γγ → 4f γ is compared to results obtained with the Whizard/Madgraph package. We find agreement between both Monte Carlo programs.
• The dependence of some γγ → 4f and γγ → 4f γ cross sections on the CM energy is shown. In this context, the influence of a realistic photon beam spectrum and the size of subcontributions originating from charged-current, neutral-current, or strong interactions are investigated.
• The complete lowest-order cross section for γγ → WW → 4f is compared with the corresponding double-pole approximation, revealing an accuracy of the latter of 1−3%. While this deviation is of the naively expected order of Γ W /M W , the gaugevariant subset of diagrams with two resonant W bosons, the so-called "CC03" signal diagrams, yields differences of 5−10% to the full calculation. The deviations of the naive signal grow with increasing energy, whereas the quality of the double-pole approximation remains stable.
• Different schemes for introducing a finite width for gauge bosons are analyzed, and good agreement between the gauge-invariant complex-mass scheme and the fixed-width scheme is found. However, the results also reveal problems (at least in γγ → 4f γ) when using the running width.
• A few differential distributions are discussed for γγ → 4f processes that proceed via charged-current interactions, in particular comprising distributions in the invariant mass and in the production angle of reconstructed W bosons and in the invariant mass of a resonant Higgs boson. Moreover, it is shown that the convolution over the photon spectrum significantly distorts energy and angular distributions of the produced fermions due to an effective photon polarization.
• Finally, we examine the effects of anomalous triple and quartic gauge-boson couplings on γγ → 4f cross sections. Since contributions of anomalous couplings to cross sections can cancel in specific configurations, it is necessary to take into account results from other observables (such as differential distributions) or from other experiments (such as e + e − or e − γ collisions) in order to constrain individual anomalous couplings. Our results suggest that an analysis of the processes γγ → 4f can constrain anomalous γγWW couplings about an order of magnitude better than studying e + e − → 4f γ.
Apart from studying the processes γγ → 4f and γγ → 4f γ in lowest order the described event generator is a first step towards a precision calculation of the process γγ → WW → 4f which has to include radiative corrections to the dominating W-pair production process. In particular, the results for the radiative processes γγ → 4f γ can serve as a basic building block in this task. In a next step, we will complete the calculation of electroweak corrections in the double-pole approximation similar to the approach of RacoonWW for e + e − annihilation.
